Abstract. We prove a Livšic type theorem for cocycles taking values in groups of diffeomorphisms of low-dimensional manifolds. The results hold without any localization assumption and in very low regularity. We also obtain a general result (in any dimension) which gives necessary and sufficient conditions to be a coboundary.
Introduction
In the study of hyperbolic dynamical systems there is a general (and vague) idea that can be summarized with the following sentence:
Most of the dynamical interesting information on a hyperbolic system is concentrated in its periodic orbits. An archetypal example of a result supporting this idea is the celebrated Livšic's theorem [Liv71, Liv72] claiming that given a hyperbolic homeomorphism f : M ý, a Hölder function Φ : M Ñ R is a coboundary, i.e. there exists a continuous function u : M Ñ R satisfying u˝f´u " Φ, if and only if for every periodic point p P M , with f n ppq " p. Due to the interest this result has received since its appearance and the large amount of consequences that follow from it, several generalizations have been studied. Some of them consider more general dynamics on the base. For instance, in the works [KK96, Wil13] the cohomology of real cocycles over partially hyperbolic systems is analyzed.
In this paper, we consider a different kind of generalization: given a complete metric group G, a G-cocycle is just a continuous map Φ : M Ñ G and one wants to determine whether the condition Φ`f n´1 ppq˘Φ`f n´2 ppq˘. . . Φppq " e G , @p P Fixpf n q, where e G is the identity element of G, is not just necessary but also sufficient to guaranty the existence of a "transfer function" u : M Ñ G satisfying Φpxq " upf pxqqupxq´1, @x P M.
Livšic himself gave in [Liv71] an affirmative answer to this question for cocycles taking values on a topological group admitting a complete bi-invariant distance (e.g. Abelian or compact groups). However, the general situation is considerably much more complicated.
So far, the main technique to handle this problem when the group G does not admit a bi-invariant metric has consisted in considering a left-invariant metric on G and to try to control the distortion produced by right translations to be able to apply the very same scheme of proof used in the Abelian case.
In order to get such a control of the distortion of the distance, some localization hypotheses have been considered in the literature. For instance, in [Liv72] Livšic gave a positive answer to above question for linear cocycles (i.e. where G " GL d pRq) which are not too far away from the identity constant cocycle. Improvements of these results using weaker localization hypotheses have been obtained for cocycles taking values in arbitrary finite-dimensional Lie groups (see [dlLW10, KN11] and references therein) until the recent complete solution of the global Livšic problem for linear cocycles [Kal11] (see also the recent preprint [GG14] ).
In the infinite dimensional case, particularly when G is a group of diffeomorphisms of a compact manifold, the study began with the seminal paper of Niţică and Török [NT95] . The diffeomorphism groups seem to be the most interesting infinite dimensional groups for applications to rigidity theory (see [KN11] and references therein).
It is important to remark that, in contrast with the finite dimensional case, all the results for groups of diffeomorphisms obtained so far (see [dlLW10] for a survey with references) involve non-sharp localization hypotheses (in the sense that not every coboundary satisfies them) and require higher regularity for the diffeomorphism group (i.e. G " Diff r pN q, with r ě 4). Moreover, the control of distortion techniques used in [NT95, dlLW10] yield a loss of regularity in the solution of the cohomological equation. A recent result for infinite dimensional groups which does not fit in the previous description is due to Navas and Ponce [NP13] . They prove a Livšic theorem for cocycles taking values in the group of analytic germs at the origin.
In this paper we use completely different techniques, with a more geometric flavor, which allow us to deal with the low regularity case (cocycles can take values in the group of C 1 -diffeomorphisms). The main novelty of our approach is Theorem 3.1 which can be of independent interest. Regarding this result within the context of localization arguments, we could say that it is proven that our non-uniform localization hypothesis (i.e. vanishing of fibered Lyapunov exponents) is equivalent to be a coboundary.
In §4 we show that in the low-dimensional case the periodic orbit condition implies the vanishing of fibered Lyapunov exponents, proving in such cases the general (or global) Livšic theorem for groups of diffeomorphisms. We conjecture that such a result holds in any dimension. Φpxq " upf pxqq˝upxq´1, @x P M.
Assuming higher regularity on the dynamics of the base and the cocycle, applying the results of [Jou88, NT96] one can improve the regularity of the solution of the cohomological equation. Since this kind of results is beyond the scope of this article, we suggest the interested reader to consult [KN11, Wil13] for further information.
In dimension 2, we can obtain a similar result for the group of area-preserving diffeomorphisms: The proofs of Theorems A and B consist in two steps. The first one concerns the vanishing of Lyapunov exponents for the cocycles and relies heavily in the lowdimensionality of the fibers. The second one holds in any dimension and can be of independent interest (see Theorem 3.1). a visit of A.K. to Universidad de la República (Uruguay).
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Preliminaries and notations
2.1. Hölder continuity. All along this paper, pM, dq will denote a compact metric space. If pM 1 , d 1 q denotes another arbitrary metric space and 0 ă α ď 1, a map ψ : M Ñ M 1 is said to be α-Hölder whenever
Most of the functions and maps we shall deal with in this paper will be at least Hölder because, as it was already observed in [Koc13] , in general C 0 regularity is not appropriate for dynamical cohomology.
When α ă 1, the space of α-Hölder maps from M to M 1 will be denoted by 
In this way, if f : X ý is a continuous map, one defines the space of f -invariant measures by
Mpf q :" tµ P MpM q : f ‹ µ " µu.
2.3. Hyperbolic homeomorphisms. Let pM, dq be a compact metric space and f : M ý be a homeomorphism. Given any x P M and ǫ ą 0, define the local stable and unstable sets by Remark 2.2. For the sake of simplicity of the exposition and to avoid unnecessary repetitions, from now on we shall assume that all hyperbolic homeomorphisms are transitive and exhibit local product structure.
For such homeomorphisms, one can define the stable and unstable sets by
respectively. Notice that shifts of finite type and basic pieces of Axiom A diffeomorphisms are particular examples of hyperbolic homeomorphisms with local product structure (see for instance [Mañ87, Chapter IV, §9] for details).
Remark 2.3. For our purposes, it is important to notice that the notion of hyperbolicity for homeomorphisms is invariant under Hölder changes of metric. More precisely, a homeomorphism f : pM, dq ý is hyperbolic if and only f : pM, d α q ý is hyperbolic, for any α P p0, 1q, where the distance d α is defined by (1).
The following result is proven for locally maximal hyperbolic sets of smooth diffeomorphisms in [KH96, Chapter 6] . However, by inspection on the proof (see [KH96, Corollary 6.4 .17 and Proposition 6.4.16 ]) it can be easily check that the very same proof works for hyperbolic homeomorphisms with local product structure (see also [Kal11,  In this work all cocycles we consider will be at least continuous. In fact, a Gcocycle (over f ) is just a continuous map Φ : M Ñ G. As usual, we use the following notation
where e G P G denotes the identity element of G. We say that Φ is a Hölder cocycle when Φ : pM, dq Ñ pG, d G q is an α-Hölder map, for some α P p0, 1s.
A G-cocycle Φ is said to be a G-coboundary when there exists a continuous map
Notice that in this case it clearly holds Φ pnq pxq " upf n pxqq¨pupxqq´1, for any n P Z and any x P M .
The first natural family of obstructions one encounters for a G-cocycle to be a G-coboundary is called periodic orbit obstructions (just POO for short):
In this work we shall mainly concentrate in the case where G " Diff 1 pN q. To deal with this case, we need a slight generalization of the concept of cocycles that we introduce in the following paragraph.
2.5. Fiber bundle maps and cocycles. Let N denote a compact differentiable manifold and pM, dq be compact metric space as above. Given any α P p0, 1s and r ě 0, a C α,r -fiber bundle over M with fiber N is an object N Ñ E π Ý Ñ M , where E is a topological space and π is a surjective α-Hölder map such that there exists a finite open cover tU j u n 1 of M with the following properties:
As usual, one defines the fiber over x by E x :" π´1pxq Ă E and, due to the fiber bundle properties, it can naturally endowed with a C r -differentiable structure turning it into a C r -manifold C r -diffeomorphic to N .
As usual, when N " R d and the change of coordinate maps g ij given above are α-Hölder and have their image contained in GL d pRq, we say that
The total space of any C α,r -fiber bundle N Ñ E π Ý Ñ M can be endowed with a distance function d E constructed as follows:
Let d N be a distance function compatible with the smooth structure of the fiber manifold N , tU j u n 1 and tϕ j u n 1 be a local trivialization atlas as above, L ą 0 be the Lebesgue number of the open covering tU j u n 1 and define
where pr 2 : MˆN Ñ N denotes the projection on the second coordinate, and by convention, we declare that d N´p r 2`ϕj pζq˘, pr 2`ϕj pηq˘¯" diam dN N whenever ζ or η does not belong to π´1pU j q.
A Riemannian structure on a C α,r -fiber bundle E consists on choosing a Riemannian metric on each fiber E x which varies Hölder-continuously with x P M .
From now on, we will assume every fiber bundle is endowed with a fixed Riemannian structure and a distance function constructed as above. It is important to remark that all the concepts we will consider about fiber bundles are completely independent of these chosen structures.
In this setting, given another
As usual, the fiber bundle N Ñ E " MˆN pr 1 Ý Ý Ñ M , where pr 1 : MˆN Ñ M denotes the projection on the first coordinate, is said to be trivial.
In this case, any C α Diff r pN q-cocycle Φ : M Ñ Diff r pN q naturally induces a C α,r -bundle map over any f P HomeopM q defining F "
Observe that in such a case F x " Φpxq, for every x P M . Such a particular bundle map is usually called the skew-product induced by Φ and f . So, bundle maps can be considered as generalizations of cocycles taking values in groups of diffeomorphisms.
2.6. POO and coboundaries for bundle maps. We can easily extends the notion of periodic orbit obstructions to fiber bundle maps on fiber bundles which, a priori, are not necessarily trivial:
A bundle map F : E ý over f : M ý is said to satisfy the periodic orbit obstructions whenever, for every n ě 1 it holds
Now we finish this paragraph extending the notion of coboundary for (à priori more general) fiber bundle maps: if N Ñ E π Ý Ñ M denotes a C α,r -fiber bundle, a C α,r -bundle map F : E ý is said to be a C α,s -coboundary, with s ď r, when there exists a C α,s -bundle map H : E Ñ MˆN over the identity map id : M ý such that the following diagram commutes:
Observe that with our definition, any fiber bundle admitting a coboundary bundle map is à posteriori trivial (see Theorem 3.1 for details and a motivation for this definition).
2.7. Lyapunov exponents for bundle maps. Let π : E Ñ M be a C α,r -fiber bundle (endowed with a Riemannian structure) and consider a C α,r -bundle map F : E ý over f : M ý. Given any point ζ P E and n P Z, we have the linear map
between normed vector spaces, and hence it makes sense to talk about its norm. For the sake of simplicity, such linear operator will be just denoted by B fib F n pζq. Then, one defines the extremal Lyapunov exponents of F along the fibers at ζ P E by
; whenever these limits exist. As a consequence of the sub-additive ergodic theorem, it is well-known that theses limits exist almost-everywhere with respect to any F -invariant probability measure.
Given anyμ P MpF q, one defines the extremal Lyapunov exponents of F with respect toμ by λ˘pF,μq :"
The topological version of the invariance principle of Avila and Viana [AV10] gives strong consequences of vanishing of the extremal Lyapunov exponents of certain invariant measures.
2.8. Dominated bundle maps. As above, let us suppose F : E ý is a C α,rbundle map over a transitive hyperbolic homeomorphism f : M ý. Given β ą 0, we say that F is pu, βq-dominated whenever there exists ℓ ě 1 such that
where ν u is the (multiplicative) cocycle over f given in Definition 2.1. Analogously, one says that F is said to be ps, βq-dominated when there exists ℓ ě 1 such that
And F is just said to be β-dominated if it is simultaneously both ps, βq-and pu, βq-dominated. It is important to remark that the definition of domination implicitly assumes that the dynamics on the base space is given by a hyperbolic homeomorphism f : M ý.
The following result is a consequence of the classical graph transform arguments used in [HPS77] Remark 2.9. As it is already observed in [Kal11] , the previous result does not make use of the fact that the cocycle acts on a trivial fiber bundle, and so it holds for arbitrary bundle maps. We would like to remark that we can get another proof of Theorem 2.8 as consequence of our Theorem 4.1 below.
In order to show that the solution of cohomological equations are sufficiently regular, we must show that the holonomy maps of certain foliations are smooth. We will show this proving that certain linear cocycles are indeed coboundaries. As it was already mentioned above, that can be done invoking "classical" Livšic theorem when cocyles act on one-dimensional manifolds. In higher dimensions, we need the following Livšic type theorem for linear cocycles due to Kalinin: Moreover, there exists a constant C ą 0 depending only on f such that
The following consequence of the previous result will be needed later:
Proposition 2.11. 
Proof. Consider a point x 0 P M whose forward orbit by f is dense and let U t : M Ñ GL d pRq be the unique solution of the cohomological equation A t pxq " U t pf pxqqU t pxq´1 with U t px 0 q " Id, given by Theorem 2.10. Notice that |U t | α is uniformly bounded on t P N . Now we have to show that U t depends continuously on t P N . Let us fix t 0 P N and ε ą 0. Let n be sufficiently large so that the segment of orbit x 0 , . . . , f n px 0 q is δ-dense, where
and C is the positive constant given by Theorem 2.10.
By continuity of the family A t on t, and observing that U t pf k px 0" A pkq t px 0 q for every k ě 0, there exists a neighborhood V of t 0 such that one has
Invoking the uniform Hölder estimates, we deduce that the C 0 -distance between the functions U t and U t0 is smaller than ε, for every t P V .
Domination, zero Lyapunov exponents and coboundaries
In this section we study the relation between domination, nullity of Lyapunov exponents and cohomology of bundle maps. The main result we present here is the following 
-coboundary and, according to § 2.6, the fiber bundle
Remark 3.2. We shall use a rather classical trick (see for example [Via08] ) which allows us to reduce the general α-Hölder case to the Lipschitz one: if N Ñ E π Ý Ñ pM, dq is a C α,1 -fiber bundle, f : pM, dq ý is a hyperbolic homeomorphism and F : E ý is a C α,1 -fiber bundle map which is α-dominated, then changing the metric d by d α (see (1)) on M , we obtain a C Lip,1 -fiber bundle, f continues to be hyperbolic (see Remark 2.3) and F turns to be a C Lip,1 -bundle map which is 1-dominated. Moreover, F is a C Lip,1 -coboundary when M is endowed with the d α metric if and only if it is a C α,1 -coboundary when M is equipped with d.
By Remark 3.2, in order to simplify the notation from now on and until the end of this section we shall assume that α " 1 " Lip.
To start with the proof of Theorem 3.1, we first show that piq implies piiq. This result maybe belongs to the folklore, but since our context is slightly different from usual ones, we decided to include an outline of the proof: Proposition 3.3. Let us assume that λ˘pF,μq " 0, @μ P MpF q,
Proof. Let us show that F is pu, 1q-dominated. The ps, 1q-domination follows from completely analogous arguments. To prove that, we shall only use the hypothesis λ`pF,μq " 0, for everyμ P MpF q.
Then, let us consider the fiber bundle π P : P Ñ E, where the fiber over an arbitrary ζ P E is given by the projectivized tangent space of the submanifold E πpζq Ă E. Now, the derivative-along-fiber operator B fib F defined by (5) naturally induces a bundle map rB fib F s : P ý over F : E ý.
Then we consider the continuous real cocycle ψ : P Ñ R over rB fib F s given by
where rvs denotes the element of P induced by v. Now, let K 0 , λ be the constants and ν u be the multiplicative cocycle associated to f given by Definition 2.1, and suppose F is not pu, 1q-dominated. Then, there exists a sequence of points pζ n q ně1 in E and a strictly increasing sequence of natural numbers pℓ n q ně1 such that
This implies that for each n P N we can find rv n s P P ζn such that
Then, by Banach-Alaoglu theorem, there is no lost of generality assuming that there existsη P MpPq such that
where the convergence is in the weak-‹ topology. Putting together (8), (9) and (10), we can easily show that
Finally, defining η :" π P‹ pηq, we get η P MpF q and from (11) it easily follows λ`pF, ηq ě λ ą 0, contradicting our hypothesis.
Next we show that piiq implies piiiq in Theorem 3.1. Since we are assuming F is 1-dominated, by Proposition 2.6 we know that we can lift the stable and unstable sets of f to E. We shall need the following properties of them: 
Proof. In order to show that the closure of any F -orbit coincides with the image of a continuous section of the fiber bundle N Ñ E π Ý Ñ M , it is enough to show the following Claim 1. For every ζ P E and every ε ą 0, there exists δ ą 0 such that
To prove Claim 1, let ζ P E and ε ą 0 be arbitrary. Then, let us choose δ :" min`δ 0 , δ 1 , εp4cKq´1˘, where constants δ 1 and c are given by Theorem 2.4 and K is given by Lemma 3.4.
Then, suppose n P N is given such that d`πpζq, f n pπpζqq˘ă δ. Since f is a hyperbolic homeomorphism and δ ď δ 1 , we can apply Theorem 2.4 to guaranty the existence of p P Perpf q and y :" " πpζq, ps P M satisfying (1), (2) and (3) in Theorem 2.4. Thus, taking into account that the fiber bundle projection π is oneto-one on W u pζq Ă E and y P W u pπpζq, f q " π`W u pζq˘, there exists a unique point ζ y P E y X W u pζq. Analogously, π is one-to-one from W s pζ y q onto W s pyq and hence, there exists a unique point ζ p P E p X W s pζ y q. Now, observing that ζ p P W s pζ y q and ζ y P W u pζq, we can combine Theorem 2.4 and Lemma 3.4 to guaranty that
and
Finally observe that, since f n ppq " p and F satisfies (POO'), it holds F n pζ p q " ζ p . Then, putting together (12) and (13), we get d E pζ, F n pζqq ă ε, and our claim is proven.
It is interesting to notice that the exponential shadowing given by Anosov closing lemma (Theorem 2.4) was not used in the proof of Proposition 3.5. In fact, the classical Shadowing Lemma is enough because the Hölder regularity (in this case Lipschitz) was already used in Lemma 3.4. Now, let us fix any point x 0 P M such that its forward and backward f -orbits are dense. Then, by Proposition 3.5, assuming F is 1-dominated, for every ζ P E x0 there exists a continuous section V ζ : M Ñ E such that O F pζq coincides with the image of V ζ . To simplify the notation, the image of the section V ζ will be denoted by V ζ , i.e. we define V ζ :" tV ζ pxq P E : x P M u, for every ζ P E x0 .
Then we will show that the family tV ζ u ζPEx 0 determines a continuous lamination in E. To do this, we first prove the following Proposition 3.6. Assuming F is 1-dominated, for each ζ P E x0 the image of the section V ζ defined above is saturated by leaves of the lamination W s (W u , respectively.) More precisely, for every ζ P E x0 and any η P V ζ ,
Proof. Let us suppose the proposition is not true. Then, there exists some ζ P E x0 and Remark 3.7. It is interesting to notice that a less elementary proof of Proposition 3.6 can be easily gotten invoking the topological version of the Invariance Principle of Avila and Viana (see Theorem 2.7). In fact, assuming domination and (POO'), using Theorem 2.8, it can be shown that condition piq of Theorem 3.1 holds and then the Invariance Principle can be applied.
As a consequence of Proposition 3.6 we get the family tV ζ u ζPEx 0 is a partition of the total space E, and moreover, a continuous lamination whose leaves are (topologically) transverse to the fibers of the fiber bundle N Ñ E π Ý Ñ M . Thus, we can define the holonomy maps of this lamination as follows: given arbitrary points x, y P M , we define the holonomy map from x to y is defined by
whereζ is the unique point in E x0 such that ζ P Vζ. Observe that, by Proposition 3.6, the holonomy maps are (at least) homeomorphisms. After some additional results, we shall show they are indeed C 1 -diffeomorphisms. Then we get the following Proof. To show that the fiber bundle is trivial, let us consider the map H : E Ñ MˆN given by ( 
15)
Hpζq :"ˆπpζq, pr 2´φj`Hπpζq,x 0 pζq˘¯˙, @ζ P E, where φ j : U j Ñ MˆN is any (but fixed) trivializing chart of the fiber bundle
Then, since holonomy maps are homeomorphisms, it is clear that H itself is a homeomorphism, and since F`Vζ˘" Vζ, for everyζ P E x0 , we conclude that H`F pζq˘" pfˆid N q`Hpζq˘, @ζ P E, as desired.
Finally, in order to show that F is a C Lip,1 -coboundary, it remains to prove that the map H : E Ñ MˆN constructed in the proof of Proposition 3.8 is indeed a C Lip,1 -bundle map.
To do this, it is necessary to show that the holonomy maps defined in (14) are differentiable and this will be gotten invoking Proposition 2.11. To use this result, we first need the following Lemma 3.9. For every ζ P E x0 , the section
Proof. It is a straightforward consequence of the fact that the graph of V ζ is saturated by W s and W u , which are Lischitz themselves and have local product structure (see (h5) in Definition 2.1). Now, for every ζ P E x0 , consider the set
where Ů denotes the disjoint-union operator, and the "natural projection" map π ζ : Ξ ζ Ñ M given by pπ ζ q´1pxq " T V ζ pxq E x , for every x P M . By Lemma 3.9, the set Ξ ζ can naturally be endowed with an appropriate vector bundle structure
On the other hand, since every leaf V ζ is F -invariant and FˇˇE
where B fib F denotes the (partial) derivative along the fibers defined in § 2.7.
Then we get the following Proposition 3.10. For every ζ P E x0 , the vector bundle
Moreover, the family pU ζ q ζPEx 0 can be chosen to vary continuously on ζ.
Proof. Since F satisfies (POO') condition, DF ζ must satisfy it, too. Hence, by Theorem 2.8, DF ζ has zero Lyapunov exponents with respect to any f -invariant probability measure. In particular, invoking Proposition 3.8 we conclude that the
ÝÑ M is trivial and we can apply Proposition 2.11 to obtain a continuous family U ζ of solutions, as desired.
Then we get the following Corollary 3.11. If F is 1-dominated and satisfies (POO'), then there exists C ą 0 such that
Proof. This is a straightforward consequence of Propositions 3.10 and 2.11.
Then we finally get Proof. Given arbitrary points x, y P M , we need to show that the holonomy map H x,y : E x Ñ E y associated to the lamination tVu ζPEx 0 , which is clearly a homeomorphism, is indeed a C 1 -diffeomorphism. To do this, first observe that since each leaf of the lamination tV ζ u ζPEx 0 is Finvariant, it holds
Consequently, holonomy maps between any two points of the same f -orbit are indeed C 1 -diffeomorphisms. To deal with the general case, let x, y P M be arbitrary points and consider two trivializing charts ϕ i : π´1pU i q Ñ U iˆN , with i " 1, 2, such that x P U 1 and y P U 2 . Recalling we have chosen x 0 P M so that its forward f -orbit is dense in M , we can find two sequences of natural numbers pm i q and pn i q such that U 1 Q f mi px 0 q Ñ x and U 2 Q f ni px 0 q Ñ y, as i Ñ 8. Then, for each i ě 1, let us define H i P Diff 1 pN q by
and H P HomeopN q by
Hppq " pr 2˝ϕ 2˝Hx,y˝ϕ´1 1`x , p˘, for every p P N . We want to show H P Diff 1 pN q, too. By continuity of the lamination tV ζ u ζPEx 0 , when i Ñ 8, H i Ñ H pointwisely. By Corollary 3.11 and Arzelà-Ascoli theorem, we conclude H i Ñ H C 0 -uniformly. On the other hand, by Propositions 3.10 and 2.11, we have the sequence of derivatives pDH i ppqq iě1 is also convergent, for each p P N . Consequently, H is C 1 and then, H x,y : E x Ñ E y is a diffeomorphism, as desired.
Finally, it remains to show that piiiq implies piq in Theorem 3.1. But this is obvious, because a C Lip,1 -coboundary is, by definition, conjugate to the map pfî d N q : MˆN ý via a C Lip,1 -fiber bundle conjugacy, and therefore, every Lyapunov exponent must vanish.
Domination as a consequence of POO condition
In this section we shall review some contexts where condition (POO) alone implies that the cocycle is dominated, and as a consequence of Theorem 3.1, it is a coboundary.
We start proving Theorem B which follows from Theorem 3.1 and Katok closing lemma [Kat80] :
Proof of Theorem B. Let S Ñ E " MˆS π Ý Ñ M denote the trivial fiber bundle and F : MˆS ý be the C 1`α skew-product over f induced by Φ as in (3). Oberserve that F satisfies (POO').
Let us suppose there exists an F -invariant ergodic probability measureμ such that λ`pF,μq ‰ 0.
Since Φ takes values in the group of area-preserving diffeomorphisms of S, by Oseledets theorem we know that λ´pF,μq`λ`pF,μq " 0. , we conclude that F exhibits a hyperbolic periodic point. But, by (POO'), if ζ 0 P E is periodic with F n pζ 0 q " ζ 0 , then F n pζq " ζ, for every ζ P E πζ0 , and so ζ 0 is not hyperbolic, getting a contradiction.
The amount of regularity required in the fiber direction is essential in our argument and it is the usual one in Pesin's theory which allows to obtain a subexponential neighborhoods of a regular orbit with good estimates on the bundles of the Oseledet's splitting (see [KH96, Suplement] ). The recent examples of [BCS13] show that improving this regularity requires new ideas which should not be different from the general case of Diff 1 pN q cocycles with arbitrary N .
In order to prove Theorem A, we need the following result that should be considered the main one of this section: Hence, for every ζ P PerpF q with F n pζq " ζ it clearly holds B fib F n " DΦ pnq " id and consequently, all the eigenvalues are equal to 1. So, applying Theorem 4.1 to F and F´1 we get´λ`p F´1,μq " λ´pF, µq ď 0 ď λ`pF,μq.
But since the fibers are one-dimensional, we can apply Birkhoff ergodic theorem to conclude that λ´pF,μq " λ`pF,μq. Consequently, λ´pF,μq " λ`pF,μq " 0 and by Theorem 3.1, F is a C α,1 -coboundary, as desired. 
then, forμ almost every ζ P E and every v P T ζ E πpζq one has that
We shall fix ε ă mint´λ5 , αλ 2 u, where α is the Hölder exponent of F and λ is the hyperbolicity constant appearing in Theorem 2.4. Consider the function A and the metric }¨} 1 given by the previous lemma and let us fix them from now on. Using this metric, it is also standard to show that one can define sub-exponential neighborhoods (sometimes called Pesin charts) of typical points with respect toμ such that the dynamics in those neighborhoods behaves similarly to the derivative (see for example [KH96, Supplement] It is relevant to remark here the fact that the sub-exponential growth of the function ρ is essential in Pesin's theory and it is where the Hölder regularity of the derivative is usually used. Here, since we are working with measures whose Lyapunov exponents are all negative, C 1 -regularity in the fibers is enough.
Remark 4.5. Notice that there is a measurable function D which, associates to each ζ P E an isometry D ζ :`T ζ E πpζq , }¨} ζ˘Ñ`T ζ E πpζq , }¨} 1 ζ˘. When this linear map is seen as a transformation from`T ζ E πpζq , }¨} ζ˘t o itself, the norm and co-norm of D ζ are bounded by a number depending only on Apζq.
Using Luisin's Theorem on approximation of measurable functions by continuous ones (see for example [KH96, Supplement] ) one obtains a compact set X Ă E of positiveμ-measure such that functions A and ρ are continuous on X and, thus, bounded (we define A X :" sup ζPX Apζq and ρ X :" inf ζPX ρpxq).
Consider a point ζ 0 P X which is recurrent inside X, i.e. there exists n j Ñ 8 such that F nj pζ 0 q Ñ ζ 0 and F nj pζ 0 q P X for every j ą 0. Let us write x 0 :" πpζ 0 q and, for each j ą 0, let p j P Fixpf nj q be the periodic point of f given by Anosov Closing Lemma (Theorem 2.4). One has that: dpf i px 0 q, f i pp jď ce´λ minti,nj´iu dpf nj px 0 q, x 0 q, for i " 0, . . . , n j .
where c, λ ą 0 are the constants given in Theorem 2.4. Notice that dpf nj px 0 q, x 0 q ď d E pF nj pζ 0 q, ζ 0 q Ñ 0. Fix δ ă ε and let χ be the constant given by Lemma 4.2 for such a δ. The main step in the proof is the following Moreover, diampF i pB jď χ{2 and d E pF i pB j q, F i pζ 0ď χ{2, for every 0 ď i ď n j .
Let us now conclude the proof of Theorem 4.1 assuming this lemma: By (18), we know there exists ξ j P B j such that F nj pξ j q " ξ j , and it also holds d E pF i pξ j q, F i pζ 0ď χ, for all 0 ď i ď n j . Hence, applying Lemma 4.2 and the fact that ζ 0 , F nj pζ 0 q P X, we prove that ξ j is uniformly contracting along the fiber, as desired.
So, it only remains to prove Lemma 4.6:
Proof of Lemma 4.6. Since there exists a trivializing chart containing x 0 and p j , there exists a point ζ j P E pj such that d E pζ j , ζ 0 q " dpp j , xq.
From the choice of x 0 and p j , if n j is large enough, we can always assume that both f i px 0 q and f i pp j q lie in the same trivializing chart for 0 ď i ď n j . So, fixing a trivializing chart containing f i px 0 q and f i pp j q, we have a projection pr 2 : E f i ppj q Ñ E f i px0q . Given two points ξ P E f i px0q and η P E f i ppj q such that ξ, pr 2 pηq P B 
where the constantĉ only depends on A X and ρ X . The factorĉe ε mintk,nj´ku appears to take into account the distortion in the new metric, which is bounded bŷ c at the points ζ 0 , F nj pζ 0 q P X and the change of the distortion at each iterate is bounded by e ε . Now, let us define the sequences a k :"ĉe ε mintk,nj´ku d C where c 1 ą 0 depends on the constant c appearing in Anosov closing lemma (Theorem 2.4), the Hölder norm of the C α,1 -bundle map F and the constantĉ which was defined above.
